We present a nonlinear post-Friedmann framework for structure formation, generalizing to cosmology the weak-field (post-Minkowskian) approximation, unifying the treatment of small and large scales. We consider a universe filled with a pressureless fluid and a cosmological constant Λ, the theory of gravity is Einstein's general relativity and the background is the standard flat ΛCDM cosmological model. We expand the metric and the energy-momentum tensor in powers of 1/c, keeping the matter density and peculiar velocity as exact fundamental variables. We assume the Poisson gauge, including scalar and tensor modes up to 1/c 4 order and vector modes up to 1/c 5 terms. Through a redefinition of the scalar potentials as a resummation of the metric contributions at different orders, we obtain a complete set of nonlinear equations, providing a unified framework to study structure formation from small to superhorizon scales, from the nonlinear Newtonian to the linear relativistic regime. We explicitly show the validity of our scheme in the two limits: at leading order we recover the fully nonlinear equations of Newtonian cosmology; when linearized, our equations become those for scalar and vector modes of first-order relativistic perturbation theory in the Poisson gauge. Tensor modes are non-dynamical at the 1/c 4 order we consider (gravitational waves only appear at higher order): they are purely nonlinear and describe a distortion of the spatial slices determined at this order by a constraint, quadratic in the scalar and vector variables.
linearised, the nonlinear approximate equations we obtain for a set of appropriately resumed variables are those for the scalar and vector sectors of first-order relativistic perturbation theory [59] . Tensor modes are purely nonlinear and non-dynamical, i.e. they don't describe propagating gravitational waves, but rather a distortion of the spatial slices.
Let's clarify how our PF formalism differs from the traditional PN approach [60] and its various application in cosmology. In a contemporary perspective [61] , the correct derivation of the post-Newtonian approximation on the flat background space-time follows consistently from the post-Minkowski approximation once the v/c ≪ 1 assumption is made, which also implies to neglect time derivatives with respect to space derivatives 1 . However, in cosmology the background is a FLRW solution, in our case the flat ΛCDM model, and what we can assume to be small are peculiar velocities, not the change with time of the physical distance between two arbitrary observers. To illustrate the point, adopting a Newtonian perspective, in the absolute space of Newtonian cosmology one uses the background comoving coordinates x as the Eulerian grid, and the physical position of a fluid element is r = ax. Thenṙ = Hr + v, where v = aẋ is the physical (or proper) peculiar velocity [11] , representing the deviation from the Hubble flow;ẋ is the peculiar velocity with respect to the comoving grid [58] . Then, should we assume that |ṙ| ≪ c, we would end up with an approximation only valid at small scales, well below the Hubble horizon, |r| ≪ cH −1 . In addition, traditionally the PN formalism has been developed to study GR corrections to orbits of isolated objects. Thus the focus is on the equations of motion, rather than on a consistent approximation of the full set of Einstein equations. In developing his PN treatment of relativistic hydrodynamics, having in mind applications to relativistic stars, Chandrasekhar [63] also focused on the equations of motion for the fluid, as derived from the conservation equations. In both cases, the metric and other variables are expanded 2 in powers of 1/c, then the expansion is applied to the equations of motion. As it is well known, a correction to the time-time component of the Minkowski metric is all is needed to obtain the Newtonian equations of motions. All other corrections are then considered post-Newtonian. We will discuss this point in detail in Section VI B where, following [65] , we call passive this approach focused on the equations of motion. In cosmology however we find desirable to consider an active approach where the space-space and time-time components of the metric are equally weighted, leading directly to a consistent treatment, order by order in the expansion parameter 1/c, of the full set of Einstein equations 3 . In view of applications, a useful byproduct of this active approach is that the equal weighing of the different metric components is what is needed to obtain the correct photon trajectories, i.e. the null geodesics that are at the base of the causal structure of the spacetime.
Various early and more recent works have applied the traditional PN expansion in cosmology: in [66] [67] [68] [69] the PN equation of motion for particles in the expanding universe are derived; in [70] the authors clarify the role of the electric and magnetic part of the Weyl tensor in the Newtonian approximation; in [71] and [72] the PN analysis is given in Lagrangian coordinates using respectively the 3+1 and 1+3 framework; in [73] the authors derive a complete set of field and hydrodynamic equations in Newtonian-like forms. Other remarkable works following a PN method are those of Szekeres [74, 75] . Finally, [76] follow a "hybrid approximation scheme", somehow closer in spirit to our PF approach, a mix between standard cosmological perturbation theory and PN approximation, also obtaining equations for the generation of gravitational waves.
All these works apply the standard iterative approach of the PN expansion. Here instead we focus on defining a set of resumed 1PF variables, and on deriving the set of nonlinear evolution and constraint equations they satisfy. Specifically, assuming the Poisson (or conformal-Newtonian [11, 12, 59, 77] ) gauge, we expand the metric in powers of 1/c and in the equations we retain all scalar terms up to order 1/c 4 (and all vector terms up to 1/c 5 ), instead of peeling-off the different orders, cf. [74, 75] . This leads to a final set of equations that differs from those of the works mentioned above. Partly following the PN tradition, the 0PF and 1PF orders respectively refer to terms 1/c 2 and 1/c 4 , relevant for scalar potentials. The 0PF terms are Newtonian, the 1PF terms contain the GR corrections. Finally, we stress that, in order to obtain a system of equations with a well-posed Cauchy problem, we should consider terms of the next 2PF order, i.e. 1/c 6 [74, 75] . In summary, the main goal of this paper is to present a set of nonlinear resummed equations up to 1PF order which retain in full the nonlinearity of Newtonian theory on small scales and all linear relativistic perturbation theory on large scales. The 1PF scheme is therefore capable of describing, in a unified framework and at the relevant leading orders, the evolution of large-scale structure on all scales of cosmological interest. Our two main results simply follow 4 from the analysis of our nonlinear equations: at leading order a purely Newtonian nonlinear energy current sources a frame-dragging gravitomagnetic vector potential; in the leading-order Newtonian regime and in the linear relativistic regime the two scalar metric potentials are the same, while the nonlinear 1PF equations for the resummed scalar potentials imply that the nonlinearity of GR makes them different.
The paper is organized as follows. After defining the various metric terms in Section II, we obtain the stress energy tensor in Section III, the field equations in Section IV and mass and momentum conservation equations in Section V. We then consider our equations in two opposite limits: the Newtonian regime on small scales, neglecting O(1/c 4 ) terms, see Section VI; the linear regime on large scales through the linearization of the equations, see Section VII. In Section VIII, we first define suitable resummed variables, then we obtain a consistent set of nonlinear equations describing their evolution. In Section IX, we draw our main conclusions. Finally, in Appendix A, we apply the PF expansion to the Riemann and Ricci tensors.
II. NEWTONIAN AND POST-FRIEDMANN METRIC VARIABLES
We consider a homogeneous and isotropic FLRW flat background where two kinds of perturbation terms are added to the metric, representing two different levels of accuracy. The first will give the Newtonian regime, i.e. an approximate solution of Einstein equations such that the dynamics is described by the exact nonlinear equations of Newtonian cosmology for pressureless matter. The second will give the relativistic corrections, adding terms to the Newtonian equations. In our post-Friedmann framework the goal is to calculate these relativistic terms; in this spirit, we shall refer to the Newtonian approximation as the 0PF (or leading) order, and to the first relativistic corrections as 1PF order.
The expanding parameter for the inhomogeneous perturbations is formally given by 1/c, so that the components of the metric tensor in the line element
can be written as
where τ is proper time and a(t) is the scale factor. Note that we assume that both the scale factor and the metric are dimensionless, while the coordinates have dimension of a length. Greek indices take the values 0, 1, 2, 3 and refer to spacetime coordinates, Latin indices refer to the spatial coordinates. In particular in our post-Friedmann scheme, for a proper "powers of c" order counting, it is important to note that the time coordinate is x 0 = ct. Here the Kronecker δ ij represents the metric on the flat spatial slices of the background; the spatial Cartesian coordinates are understood as an Eulerian system of reference, cf. [78, 79] .
Our metric is a generalization to cosmology of Chandrasekhar's metric for post-Newtonian hydrodynamics [63] (cf. [73] for a cosmological application). However, it is important to remark the difference of our post-Friedmann approach from the standard post-Newtonian one [60, 61, 80, 81] . In the latter, the focus is on the equation of motions for matter, hence only the leading order g 00 metric perturbation is Newtonian, while the g ij is post-Newtonian. In our approach the focus will instead be on the complete set of Einstein equations. We aim at a self-consistent approximate set of equations at each order, similarly to the post-Minkowski (weak field) approximation [61, 82] . Then, consistency of the Einstein equations dictate that the g ij and g 00 metric perturbations must be of the same order (see section VI for the Newtonian approximation). Anticipating these results, the indices N and P label Newtonian and post-Friedmann quantities. The N quantities are the only relevant one at the 0PF order of approximation of Einstein equations, i.e. in the Newtonian regime. The P quantities appear at the 1PF order.
We assume the Poisson (or conformal Newtonian) gauge [11, 12, 59, 77] , so that the three-vectors B Having completely fixed the gauge leaves us with six degrees of freedom at each order: the two scalars U N and V N at leading order, and U P and V P at 1PF order; the two independent components of B N i (B P i at 1PF); the two independent components of h ij . However, the latter only appears in the equations at 1PF order. At leading order, Einstein equations impose U N = V N , i.e. a single scalar gravitational potential in the Newtonian regime, as expected. At leading order, B N i is determined by the (vector part of the) Newtonian energy current, and cannot be set to zero. It is not dynamical, i.e. it doesn't contribute to matter motion, however it appears in the metric and does affect null geodesics and observables. It can therefore be extracted from Newtonian N-body simulations [1, 2] and it contributes to lensing [83] .
Note that the 1PF corrections consist of quadratic combinations of Newtonian quantities and intrinsic 1PF variables. We have also included tensorial TT modes but, at 1PF order, they can not be interpreted as gravitational waves; they satisfy a constraint equation rather than an evolution equation, see Section IV C 3, c.f. [79] .
III. MATTER VARIABLES
Having defined the metric variables and their weight with respect to the expansion parameter c −1 , we now look at the matter quantities. The dimensionless 4-velocity is defined as
and it satisfies the usual relation
i.e. is a unitary time-like vector field. In Newtonian cosmology one uses the background comoving coordinates x as the Eulerian grid, the physical position of a fluid element is r = ax, and v = aẋ andẋ respectively are is the physical (or proper) peculiar velocity [11] (the deviation from the Hubble flow) and the peculiar velocity with respect to the comoving grid [58] . With this in mind, it is then natural to define the physical peculiar velocity as
and, using (3.2) and keeping terms up to order c −4 , the 4-velocity components are
4c)
We consider a universe filled by cold dark matter (CDM), described by a single pressureless (dust) component with energy-momentum tensor
where ρ is the mass density. In the Poisson gauge the components and trace of T µ ν then are
6b)
All these quantities are written in order to explicitly show the different contributions in powers of c, where in each expression the first term beyond the background term (if present) represents the leading Newtonian order, the second the first 1PF correction, etc... Note that there is no approximation in the trace: indeed, the mass density ρ plays the role of a fundamental exact quantity that is not expanded into contributions at different orders. In the following it will be useful to use the density contrast δ, defined as usual: δ := (ρ −ρ)/ρ, whereρ denotes the background matter density.
IV. EINSTEIN EQUATIONS A. Expansion of Einstein equations at 1PF order
We now consider Einstein field equations for the metric (2.2), including the cosmological constant Λ:
Expanding in powers of 1/c, in all equations we retain the first two terms of the expansion. We then obtain the following equations, where the dot denotes partial differentiation with respect to coordinate time t.
Time-time component
Spatial component
Time-space component
Finally, neglecting in Eqs. (4.2) and (4.3) all terms representing inhomogeneities, we obtain the background equations:
These are recast into the standard Friedmann and Raychaudhuri equations for the flat FLRW background
after substituting the Hubble expansion scalar H =ȧ/a.
B. 1PF equations for the inhomogeneities
We now subtract the background parts (4.5) from Eqs. (4.2) and (4.3), in order to obtain equations for the inhomogeneous quantities. The time-time component of the field equations then gives a generalized Poisson equation:
Note that the cosmological constant disappears from the equations above; it only directly contributes to the background dynamics, i.e. equations (4.6). Thus perturbations are only affected by Λ through their coupling with the Hubble (background) expansion.
The trace of the space-space component (4.3) gives
while the trace-free part is
C. Scalar, vector and tensors parts
Scalar equations
It is useful to recast the previous equations in order to isolate, in the linear part of the equations, the scalar, vector and tensor contributions. For the scalar sector let us apply the divergence operator on Eq. (4.4):
Multiplying Eq. (4.10) by H/c, and applying ∇ 2 on Eq. (4.7), we obtain the following constraint equation:
Now, we can obtain a second scalar constraint by applying the operator ∂ j ∂ i on both sides of Eq. (4.9). This then gives:
These equations will be useful in Section VIII.
Vector equations
The vectorial part of equation (4.4) can be found using the curl operator:
Alternatively, we can also obtain a constraint equation for the vector part by applying the operators ∇ 2 to Eq. (4.4) and ∂ j to Eq. (4.10), finding:
These vectorial equations also depend on scalar quantities, because of nonlinearity; however, the divergence of these equations would give zero, as it should. An evolution equation for B i can be obtained by applying the operator ∂ j ∇ 2 on Eq. (4.9) and subtracting the equation obtained applying ∂ i on Eq. (4.12). This procedure leads to
This shows that an evolution term for B N i only appears at order 1/c 4 .
Tensor equations
In order to isolate the TT part of the metric h ij we define the following nonlinear quantities:
With these definitions, Eq.(4.15) becomes
Finally, using Eqs. (4.9), (4.12) and (4.18), we obtain the following constraint equation for h ij :
The field equations in GR are constructed in order to imply the conservation equations through the contracted Bianchi identities [84] :
From this, considering the time component and keeping all terms up to 1/c 2 order, we obtain the energy conservation equation
Setting v i = U N = V N = 0, and ρ =ρ, this equation reduces to the background continuity equation for cold dark matter, i.e.ρ = −3Hρ. Subtracting this equation from (5.2) and defining the total, or convective, derivative for any quantity Q as
Note that we have used the Newtonian part of this equation to simplify the 1PF order part. The space part of (5.1) gives the momentum conservation equation: 
Finally, using the Newtonian part of Eq. (5.6), the continuity equation can be recast in the following way:
The last two equations are the hydrodynamic equations of motion of the dust component in the post-Friedmann approximation, at 1PF order. Let us stress that, in Eqs. (5.7) and (5.6), the post-Friedmann corrections contain nonlinear coupling terms between metric variables and matter variables, ρ and v i . This is the reason why the vector potential B i can not be decoupled from the scalar modes in the equations of motion.
In the next two section we will check the consistency of our approach with our goal of obtaining a set of equation valid at all scales. To this end we will first consider the leading order, the Newtonian regime, which is a good approximation on scales much smaller than the Hubble radius, then we will linearise our equation to check consistency with linear relativistic perturbation theory in the Poisson gauge [11, 59] , which is a good approximation on large scales.
VI. LEADING ORDER: THE NEWTONIAN REGIME

A. Newtonian dynamics from consistency of Einstein equations, with a bonus
Retaining the leading order terms in the c −1 expansion, i.e. the 0PF order, we recover the equations of Newtonian cosmology and we obtain the corresponding spacetime metric. We call this the Newtonian regime: as we are going to see, the dynamics is purely Newtonian, yet we have a spacetime metric that is a well defined approximate solution of Einstein equations.
We obtain the Newtonian continuity and Euler equation from the hydrodynamic equations (5.4) and (5.6):
1)
At leading order, from Einstein equations (4.7), (4.4), (4.8), (4.9), we obtain
Equation (6.3a) is the Poisson equation, from which the Newtonian character of the spatial metric potential V N is apparent as long as we identify it with the Newtonian gravitational potential generated by the matter field, V N = −φ N . As noted by Bertschinger [82] , it is an interesting fact that at leading order only g ij contributes to G 0 0 . On the other hand, as it is well known, it is the time-time metric potential U N that tells matter how to move in the Euler equation (6.2) (or to particles in the geodesic equation, see e.g. [65] ). Equations (6.3c) and (6.3d) show that Eqs. (4.8) (4.9) reduce, at leading order, to constraint equations: they give the consistency relations between the scalar metric potentials U N and V N in a GR context at this order. Modulo residual gauge modes [82] that leave (6.3c) and (6.3d) invariant, we must have U N = V N = −φ N : in summary, Einstein equations reduce, at leading order, to the standard equations of Newtonian cosmology. The metric tensor generated from a self-consistent expansion of the full set of Einstein equations at leading order is the cosmological version of the weak field metric, with the FLRW metric replacing Minkowski as background.
Our metric (2.2), however, also contains the frame dragging vector potential B i and the TT part h ij . This TT part only appears at 1PF order in G i j and so it is irrelevant at leading order, consistently with the fact that, in this Newtonian regime, we only retain the V N term in g ij . On the other hand, the leading order of the G 0 i equation is Eq. (6.3b), thus it can not be neglected. This is a new equation that arises in the relativistic context and determines the leading-order frame dragging potential B N i from the purely Newtonian term on the right hand side, the energy current that is determined by the other equations. Therefore, even in the Newtonian regime, the frame dragging term B N i can not be set to zero. Some authors consider this term of higher order, however Eq. (6.3b) tell us that this is inconsistent with the other Newtonian equations. Indeed, taking the divergence of (6.3b) (i.e. its scalar part) and using the Poisson equation implies the continuity equation, while taking the curl (i.e. the vector part) shows that the curl of B N i , a gravito-magnetic field [82] , is sourced by the curl of the energy current ρv i , and there is no reason why the transverse part of this current should vanish. Alternatively [82] , one can split vectors into longitudinal and transverse parts. Then one can see from (6.3b) that a purely Newtonian transverse energy current sources B N i . Thus, setting B N i = 0 does imply, even in the Newtonian regime of dynamics, a purely longitudinal energy current, i.e. imposing the condition B N i = 0 does imply an artificial constraint on the general Newtonian dynamics. While in the linear regime vectors modes can be separated from scalar modes, in the nonlinear regime of Newtonian dynamics there is no reason why the energy current should be longitudinal, and indeed it is well known that transverse vector modes are generated by nonlinearity, and in particular vorticity is generated after shell crossing [85] . The nonlinearly generated gravito-magnetic potential B N i can actually be extracted from standard Newtonian N-body simulations [1, 2] , and its contribution to lensing has been computed in [83] . The bottom line is that in the Newtonian regime of GR the gravitational field is not purely scalar, it does contain a gravito-magnetic vector part [86] .
As we are going to show in the next Section, the above considerations on the frame dragging B i are entirely consistent with linear perturbation theory. In the perturbative regime one naturally splits vectors into longitudinal and transverse parts and finds that B i decays [74-76, 87, 88] . Nonetheless, in the nonlinear Newtonian regime the transverse part of the energy current sources B N i [1, 2] . At this order, however, B N i is a non-dynamical variable, rather it is determined non-locally through the a-causal equation (6.3b ). Furthermore, a calculation of the magnetic Weyl tensor shows that, at leading order in powers of c −1 ,
, (6.4) so that its linear part, i.e. the first term in the square bracket, is precisely the curl of B N i . As discussed in detail by Kofman and Pogosyan [70] , although the magnetic Weyl tensor is zero in Newtonian theory (i.e. starting from a scalar theory of gravity), it can not be neglected in deriving the "covariant equations" [6, 89] in the Newtonian regime from relativistic theory. Nonetheless H ij is not an independent dynamical variable in the Newtonian regime, rather Eq. (6.4) shows that it is locally determined by other variables.
B. Passive and active approach
Starting with Einstein [84] , the usual way to consider the Newtonian limit in GR consists in demanding that the time-like geodesic equation agrees with the Newtonian equation of motion for a particle [60, 65] . This naturally sets g 00 = −(1 − 2U N /c 2 ), identifying −U N with the gravitational potential φ N . For a fluid, as we can see from (6.1) and (6.2), the continuity and the Euler equations do not contain V N , so that the latter could be interpreted as a post-Newtonian variable. This way of thinking considers the "passive" aspect of gravitation, namely the response of matter to gravity [65] : one wants to determine the equation of motion of a particle in a given gravitational potential.
In addition, the Newtonian limit is again considered using the field equations with matter, in order to determine the gravitational coupling constant by recovering the Poisson equation [84] . Starting from the following form of Einstein equations
one finds that the time-time component only contains g 00 , so that, at O(c −2 ), we get the Poisson equation for
by identifying κ = 8πG/c 4 . Again, one would be tempted to conclude that only U N is needed at leading Newtonian order.
However, in our approach we are interested in the "active" aspect of gravitation, i.e. the generation of gravity by the matter distribution. To this end, we need to determine the metric using the field equation in a fully consistent manner, even in the Newtonian regime. In particular, in cosmology we deal with a self-gravitating fluid, so that the complete set of field equations is as important as the equations of motion.
In the passive Newtonian approach of the standard post-Newtonian formalism the geodetic equation determines the order of the metric variables, U N as Newtonian and V N as the post-Newtonian correction. In our post-Friedmann scheme it is the leading order of the field equations, derived from the complete set of Einstein equation, that establishes the order of the metric perturbations, giving that both U N and V N have a Newtonian character. This emerges from (6.3a), (6.3c) and (6.3d) and naturally also from the spatial components of (6.5), whose trace is
This clearly shows that neglecting V N with respect to U N would not yield the Poisson equation. In summary, if we want to obtain the equations of Newtonian cosmology from GR, in the active picture and consistently considering all components of Einstein equations, we do need both scalar potentials U N and V N as 0PF terms in the metric, with the result
(6.8)
VII. LINEARIZATION: RECOVERING FIRST-ORDER PERTURBATION THEORY
Standard relativistic perturbation theory [11, 12, 87, 88, 90] , where density, velocity and metric variables are all assumed to be small, is a fundamental tool in theoretical cosmology. It provides the framework to develop predictions from inflation for the matter and metric fluctuations in the early universe and to work out their imprint on the CMB and the matter fluctuations at the beginning of the matter dominated era [50] .
Our post-Friedmann scheme has been developed to generalise the equations of nonlinear Newtonian cosmology to include relativistic corrections. It would however be a great bonus if, in linearising our equations, we could recover standard first-order relativistic perturbation theory. Given that the observed universe is remarkably well described by perturbation theory at large scales, of the order of the Hubble horizon and larger, recovering at least the first order would imply that our scheme is not only valid at small nonlinear Newtonian scales, as shown in the previous sections, but also at the largest scales of interests in cosmology. Note that it is not a-priory obvious that this recovery is possible; aim of this section is to explicitly show how it is, and how, by defining resummed metric variables that contain a Newtonian part and a relativistic 1PF correction. This resummation will also be at the base of the following sections.
In first-order perturbation theory it is standard to decouple the scalar, vector and tensor modes [11, 12, 59, 87, 88, 90] . It is therefore convenient to separately look at the scalar and vector type equations of Sec. IV C (as already noted, at 1PF order the tensorial modes are not dynamical, i.e. we can't recover first-order gravitational waves). In particular, the first-order velocity perturbation v i can also be split into a scalar and vector (solenoidal) part,
Starting from the scalar sector and considering only the linear terms, we obtain from equations (4.7), (4.8), (4.10), and (4.12): .7) and (5.6), after linearization, arė
where the convective term in the total time derivatives is neglected and partial and total derivatives coincide. Finally, defining the following resummed scalar metric variables
the previous equations become
Note that, from Eq. (7.6d), ψ P = φ P ; this follows from the perfect fluid matter model we are considering (i.e. null anisotropic stress; see e.g. [87, 88] ). The equations above coincide with those for scalar fluctuations of standard perturbation theory in the Newtonian gauge, see e.g. [11, 59, 77] . The conclusion of this analysis is important: the 1PF approximation, in the linear regime, completely includes first-order scalar relativistic perturbation theory, so that all the linear GR terms are just 1PF. On the other hand, the 1PF order does not involve just linear terms, indeed there are contributions of second and higher order in the standard perturbative expansion.
This result is due to our active approach, where U N and V N are both Newtonian variables, to the derivation of 1PF equations that retain the first two orders in the 1/c expansion (rather than proceeding iteratively, order by order), and to the definition of the resumed variables (7.4) and (7.5) that turn out to coincide with the standard potentials in first-order Poisson gauge.
We now briefly consider the linear vector sector. Again defining a resummed variable, let us consider the vectorial potential ω i :
Linearising Eqs. (4.13) and (4.9), we immediately obtain
Therefore, the linearisation of the 1PF approximation also reproduces the equations of linear relativistic perturbations theory in the vector sector. Note that Eq. (7.8) is the first-order analogue of the nonlinear Newtonian Eq. (6.3b). Eq. (7.9) instead gives the evolution of the first-order metric vector modes, which decay. In the nonlinear case, it is indeed shell-crossing that generates vorticity [85] . In general, nonlinearity generates the vector modes in the energy current that sources the gravitomagnetic frame-dragging potential [1, 2] . Finally, a remark on the tensor sector. Had we extended our post-Friedmann scheme to the 2PF order, in the linear regime we would have recovered the wave equation for free gravitational waves. In the nonlinear regime gravitational radiation would be generated by nonlinear sources terms, of higher order in scalar and vector modes, much in the same way that is generated at second order in standard perturbation theory [12, 77, 91, 92] .
VIII. NONLINEAR SET OF 1PF EQUATIONS A. Resummed metric potentials and new conservation equations
We now recast the nonlinear equations obtained in the previous sections, using a suitable change of variables. In the previous section we have introduced the potentials φ P and ψ P : we have shown that they coincide in both the linear and the Newtonian regime. It is then convenient to consider the following combinations:
the first generalizes the definition of the gravitational potential given in Sec. VI, the second defines a new nonlinear post-Friedmannian quantity, D P . With these new variables, up to O(1/c 4 ), the metric becomes
Moreover, it is convenient to define a new velocity variable [63] , 4) representing the velocity of matter with respect to observers moving along the normal to the slicing. With these new variables, Eqs. (4.7), (4.8), (4.9) and (4.4) become:
The continuity equation (5.7) and the Euler equation (5.6) become
where here and in the following the convective derivative of a quantity Q is defined in terms of v * :
B. Constraint type and evolution type equations
Starting from the new definitions given above, we want to obtain a final set of equations, providing a unified description of gravitational instability in both the linear and the nonlinear regimes, valid for fluctuations on all scales.
From Eqs.(8.5a) and (8.5b) we obtain an equation involving only the potential φ G , sourced by the matter and velocity perturbations:
Note that the linearized version of this equation is a combination of Eqs. (7.6a) and (7.6b).
A constraint equation for D P is obtained from Eq. (4.12) [or, equivalently, by applying the operator ∂ j ∂ i on both sides of Eq. (8.5c)]: 
With these definitions Eq. (8.10) becomes
Finally, let us rewrite Eq. (4.18) as an evolution equation for the frame dragging potential ω i 14) while the constraint Eq. (4.19) for h ij remains formally unchanged,
At 1PF order the variables h ij and D P are not dynamical, i.e. they do not satisfy an evolution equation, rather they are given in terms of other variables by constraint equations. We can therefore conclude that the 1PF correction to Newtonian gravity introduces three non-dynamical geometrical degrees of freedom (two d.o.f. in h ij and 1 d.o.f. in D P ) and provides the evolution equation for the gravitational potential φ G and the frame dragging vector potential ω i . For comparison, at 0PF Newtonian order we only have three non-dynamical d.o.f.: one in the scalar gravitational potential and two in the gravitomagnetic vector potential. In full relativistic theory we would have six dynamical d.o.f., as it is already apparent in first-order perturbation theory. Therefore, in order to recover a fully dynamical theory we should extend our post-Friedmann scheme to the 2PF order, cf. [74] . However the equations above, given that they extend the fully nonlinear 0PF Newtonian equations and (as shown in Sec VII) include the scalar and vector first-order perturbation equations, are sufficient to study structure formation at all scales 4 .
C. New matter variables and simplified conservation equations
There exists a further change of variable in the matter density, such that the 1PF continuity equation formally takes the usual Newtonian form [63] . Definingρ therefore the mass associated withρ is conserved. Similarly, we can introduce a new velocity fieldv i , such that the 1PF Euler equation simplifies. Definingv 
Let us note, however, that using this definition of velocity in the continuity equation (8.17) we would get some extra terms.
IX. CONCLUSIONS
Nonlinear structure formation in cosmology is traditionally studied with Newtonian N-body simulations and various approximation methods, e.g. Lagrangian perturbation theory. Relativistic perturbation theory and other approximations such as a gradient expansion are used to study small fluctuations in the early universe, in the CMB and on very large scales in the matter era. Thus there is a gap between methods used to study large and small scales. Various authors [1, 2, 45, 46, [50] [51] [52] [53] [54] [55] [56] have recently pointed out that, given the high precision of current and future galaxy surveys, it is timely to investigate possible GR effects on structure formation at all scales.
Assuming a standard flat ΛCDM cosmology, and a fluid approximation, in this Paper (Section VIII) we have developed a unified resummed nonlinear post-Friedmann formalism to study structure formation in the universe. This relativistic scheme reduces to fully nonlinear Newtonian cosmology at leading order (Section VI) and, if linearised (Section VII), to standard first-order relativistic perturbation theory. Thus our post-Friedmann formalism is valid on all scales, bridging the existing gap in current studies of nonlinear structure formation.
We have focused on obtaining a set of approximate nonlinear equation, consistently using the complete set of Einstein equations and the conservation equations. Rather than using the standard iterative procedure of the perturbative analysis where the equations are solved order by order, we have used a resummed approximation scheme, which includes the first relativistic corrections to the equations of Newtonian cosmology.
Our equations could be used to implement GR corrections in N-body simulations. This would be important in order to take into account causal, retardation and other GR effects that may be non-negligible for simulations aiming at a 1% accuracy [39] on scales of the order of the Hubble horizon. Indeed, we should consider that the relevant fluctuations for the formation of large-scale structure have not always been much smaller than the Hubble scale in the past. For instance, the present physical length of the horizon scale at decoupling is of the order of ct dec (1 + z dec ) ≈ 80h −1 Mpc. Since galaxy surveys are going to cover a large proportion of the Hubble volume and aim at high precision measurements [39] , we should consider GR corrections for the large and intermediate scales where the Newtonian approximation is not good enough. A first step in this direction has been done in [1, 2] , computing the frame-dragging gravitomagnetic vector potentials from N-body Newtonian simulations, and in [83] , where weaklensing lensing has been considered in the post-Friedmann framework. Our equations could also be used to include GR corrections in approximate Newtonian studies of various nonlinear effects such as BAO and CDM halos [16] [17] [18] . A numerical implementation of our resummed equations is now a timely as well as doable goal: codes going beyond the quasi-static approximation have now been successfully developed for modified gravity [93] , and codes specifically including GR corrections are in the making [53] . In this paper we have provided the theoretical framework aimed at this goal. 
Ricci Tensor:
2 U P + 3a 
Ricci scalar:
